Abstract. Let Γ be a self-complementary circulant of prime power order. It is shown that either Γ is a lexicographic product of two small self-complementary circulants or there exists a multiplicative automorphism of a regular cyclic subgroup that maps Γ to its complement. 1. Introduction. A digraph (or an undirected graph) Γ is called a circulant of order n if it has a cyclic group of automorphisms which is regular on the vertex set. Recall that a permutation group is regular if it is transitive and the only element that fixes a point is the identity.
, where p is a prime and d ≥ 1. In the literature, self-complementary circulants have received attention for a long time, dating back to Sachs in 1962; refer to [1, 4, 7, 19, 20, 22] . More recently, study has been extended to self-complementary graphs which are vertex-transitive; refer to the articles [3, 6, 13, 18, 23] and the survey [2] and references therein.
In [4] , Fronček, Rosa, andŠiráň determined the order of self-complementary circulants. They then proposed the question of whether each self-complementary circulant could be produced by a multiplicative automorphism of a regular cyclic subgroup in the sense of Construction 3.2. This question was answered in [7, 16] in the negative. A natural next step is to seek a classification of self-complementary circulants. By Muzychuck's theorem [17] , self-complementary circulants of square-free order can be constructed by multiplicative automorphisms of the regular cyclic subgroup, see Construction 3.2. The purpose of this paper is to determine the other extremal case, namely, the prime power order case.
We next introduce two typical constructions for self-complementary circulants. Let G be a finite group. We remark here that throughout this paper we use multiplicative notation for our groups, so the identity element of the group G is denoted by 1. In general, let S be a subset of G which does not contain the identity, and the Cayley digraph Cay(G, S) is the digraph with vertex set G such that u is adjacent to v if and only if vu −1 ∈ S. It follows from the definition that the automorphism group Aut Cay(G, S) has a subgroupĜ ∼ = G, wherê
SoĜ is regular on the vertex set of Cay(G, S), andĜ is actually the right regular representation of the group G which is also denoted by G R in some literature. In fact, it is well known that a digraph Γ is a Cayley digraph if and only if Aut Γ contains a regular subgroup. A circulant is therefore a Cayley digraph of a cyclic group. Clearly the Cayley digraph Cay(G, S) is undirected if and only if S = S −1 = {s −1 | s ∈ S}. From now on, when we say "a Cayley graph" or "a self-complementary circulant (graph)," we always mean it is undirected.
For a self-complementary graph Γ = (V, E), an isomorphism σ between Γ and its complement Γ is called a self-complementary isomorphism, or an sc-isomorphism for short. An sc-isomorphism σ of Γ is a permutation of the vertex set V such that σ 2 ∈ Aut Γ and so σ normalizes Aut Γ. Assume further that Γ = Cay(G, S) is a Cayley graph of the group G and so Aut Γ contains the regular groupĜ. Now an extremal case is where σ normalizesĜ. Such a self-complementary Cayley graph is called a self-complementary-normal Cayley graph with respect to σ, or an sc-normal graph for short. It is easy to show that Γ is an sc-normal circulant if and only if there exists a multiplicative automorphism of a regular cyclic subgroup that maps Γ to its complement; see section 3. Construction 3.2 provides us with a method for constructing all sc-normal circulants of prime power order.
Another typical construction comes from a special graph product. In general, for a digraph Σ with vertex set U and a digraph Δ with vertex set W , the lexicographic product Σ[Δ] (this graph construction is also called the wreath product) is the digraph with vertex set U × W such that the vertex (u, w) is adjacent to (u , w ) if and only if either u is adjacent to u in Σ or u = u and w is adjacent in Δ to w . If both Σ and Δ are self-complementary graphs, then so is Σ[Δ]; see Lemma 2.4.
The main result of this paper is the following theorem. Note that by the definition, it is easy to deduce that the order of a self-complementary circulant must be an odd integer. 
Preliminary results.
Throughout the paper, let p be an odd prime. A finite permutation group is called a c-group if it contains a cyclic regular subgroup. Since the automorphism group of a circulant must contain a cyclic regular group, the studies of circulants are closely related to the studies of c-groups. The research of c-groups was initiated by Burnside in 1900, and recently a precise list of primitive c-groups was obtained by using the classification of finite simple groups and a classical result of Schur; see, for example, [8, 11, 15] .
In this paper we always use the notation Z n to denote an abstract cyclic multiplicative group of order n. 
Then each element in Aut(G, S) induces an automorphism of the Cayley digraph Γ = Cay(G, S) and it is well known that the normalizer of the regular subgroupĜ in Aut(Γ) isĜ Aut(G, S). A Cayley digraph Γ = Cay(G, S) is called normal ifĜ is normal in Aut(Γ) or equivalently if Aut(Γ) =Ĝ Aut(G, S); see [5, 21] .
The finite arc-transitive circulants were classified independently, and via two different methods, by Kovács [9] and Li [12] . Note that in [12, Theorem 1.3] , the orders of the deleted lexicographic product type digraphs cannot be a prime power. Then the following result concerning arc-transitive circulants of order p d is an immediate corollary of Theorem 1.3 in [12] . As usual, denote by K n the complete graph of order n and by K n the complement of K n . 
The next lemma concerns the lexicographic product of two graphs; refer to [14] or [ 
Two constructions.
In this section we discuss two constructions of selfcomplementary circulants.
Let G = Z p d be a multiplicative cyclic group of order p d and the identity element of G is 1. Let Γ = Cay(G, S) be a self-complementary circulant of odd prime power order (so S = S −1 ), and let σ be an sc-isomorphism of Γ. Let G # = G\{1}. Since Γ is vertex transitive, without loss of generality, we may suppose that σ fixes the vertex 1, and hence S σ = G # \S. Moreover replacing σ by σ m for some odd integer m, we may assume that the order o(σ) is a power of 2.
We first construct sc-normal circulants. Suppose Γ = Cay(Z p d , S) is sc-normal with respect to σ. As explained above we may suppose that σ fixes 1 and o(σ) is a power of 2. Since Γ is sc-normal, σ can be viewed as an automorphism of the group Z p d , and so we may assume that
It is easy to prove the following lemma.
Therefore, to classify all sc-normal circulants, it is sufficient to determine the set
The following construction, which is an application of Suprunenko's construction in [20] , tells us how to obtain the set S(p d , σ), and so we are able to construct all sc-normal circulants of order p d .
Relabeling these orbits if necessary, we may assume that O We now prove a proposition, which is one of the key ingredients in the proof of the main theorem. 
Proposition 4.2. With the above notation, suppose Γ = Cay(Z p d , S), σ, X, Y satisfy Assumption 4.1. Then there exists n ∈ {1, . . . , d} such that
G n = Z p n is a block of Y andĜ n ¡ Y Gn Gn , in particular, σ| Gn ∈ Aut(G n ). Moreover, for each s ∈ S with o(s) > p n , sG 1 ⊂ S.
Proof of Proposition
G 1 ¡ Y G1 G1 ≤ AGL(1, p). Lemma 4.4. For each i ∈ {1, 2, . . . , d − 1}, G i is a block of Y . Proof. Suppose that d − 1 ≥ 2. Let B = {xG 1 | x ∈ G}Γ i = Cay(G i ,
S(i)), where S(i) = {s ∈ S | o(s) ≤ p i } is a self-complementary graph and σ|
is a subset of S and
In the latter case, we claim that gG 1 
and so there exists x ∈ X 0 such that g We can now assume that
and
in this case. Therefore applying Lemma 4.6, we deduce that (1) For any s ∈ S 2 , we have S 1 ) is self-complementary, and τ is an isomorphism from Γ n to its complement. So Γ n is sc-normal and
Continuing in this fashion (note thatĜ
is the union of some orbits of the stabilizer of 1 in
Gn ) such that rG 1 ⊂ R for any r ∈ R with order greater than p. Proof. Parts (1) and (2) (4) Let L be the stabilizer of 1 in
For any x ∈ X, g ∈ G, and r ∈ S = R ∪ S 2 , we have (g, rg)
x = (1, r)ĝ x . Since X =ĜX 0 , where X 0 is the point stabilizer of vertex 1 andĝx ∈ X, there exist g 0 ∈ G and x 0 ∈ X 0 such thatĝx = x 0ĝ0 . Therefore, (g, rg)
x = (1, r) x0ĝ0 . Note that X 0 ≤ X Gn . If r ∈ R, then (1, r) x0 = (1, r ) for some r ∈ R. If r ∈ S 2 , then by Corollary 4.5 we have (1, r) x0 = (1, r ) for some r ∈ S 2 . It then follows easily that X preserves the edge set of Γ , and so X ≤ Aut(Γ ).
Next we show that Γ is self-complementary. Since (Ĝ) σ ≤ X σ = X for any g ∈ G, there exists x ∈ X such thatĝσ = σx. It then follows that (g, s g) σ = (1, s ) σx for any s ∈ S . By our definition of Γ , (1, s ) σ is not an edge in Γ . Hence X ≤ Aut(Γ ) implies that Γ = Cay(G, S ) is also self-complementary and (Γ ) σ = Γ . Part 5 is proved.
(
Thus we may suppose that L has even, say, 2m 2 , orbits on B 1 \{G 1 }. After relabeling if necessary, we may suppose that {Σ 1 , . . . , Σ 2m2 } are L-orbits such that τ interchanges Σ 2i−1 and Σ 2i for each i.
Let
Take R = S 0 ∪ R 1 . It is easy to see that R ∈ S(p n , τ, X n ) and rG 1 ⊂ R for any r ∈ R with order > p.
With the notation of Lemma 4.7, take R as in Lemma 4.7(6) and construct Γ = Cay(G, R ∪ S 2 ). Then Γ is closely related to the original Γ by the above lemma. 
